The problem of force distribution in systems involving multiple frictional contacts between actively coordinated mechanisms and passive objects is examined. The special case in which the contact interaction can be modeled by three components of forces (zero moments) is particularly interesting. The Moore-Penrose generalized inverse solution for such a model (point contact) is shown to yield a solution vector such that, the difference between the forces at any two contact points projected along the line joining the two points vanishes. Such a system of forces is described by a helicoidal vector field which is geometrically similar to the velocity field in a rigid body twisting about an instantaneous screw axis. A method to determine this force system is presented. The possibility of superposing another force field which constitutes the null system is also investigated.
INTRODUCTION
This paper addresses the problem of force distribution in systems with closed kinematic chains involving multiple frictional contacts between an actively controlled structure and an object. Such systems are statically indeterminate and active coordination demands optimal solutions for force controll3.
One example of such a redundant system can found in walking vehicles6. 11, l5 in which the legs of the vehicle and the terrain form closed loops (see Figure 1) . A similar situation exists in multifingered grippers1-3% 5* 7. 14, 17. It has been shown that the redundancy in such systems can be resolved by linear programming techniques5. 11 or by the application of the Moore-Penrose Generalized Inverse5-".The nature of the generalized inverse or the pseudo inverse solution, which in turn leads to a decomposition of the force field, is explored in this paper, for the special case in which the contact interaction is limited to a pure force (or a zero pitch wrench4) through a contact center or contact point. This point contact model is valid even for distributed contact provided contact moments can be neglected and the contact center is known.
It is convenient to decompose the system of contact forces or the force field into an gpilibrating force field and an interaction force field. The interaction force between any two contact points is defined as the component of the difference of position vectors at the ith and jth contacts respectively. This is illustrated in Figure 2 . The equilibrating force field consists of Wilibrating forces, which are the forces required to maintain equilibrium against an external load. Further, these forces have no interaction force components. Thus, the interaction force field consists of forces which must have a zero net resultant .
It includes force components which squeeze the body (in the case of multifingered grippers) or the terrain (in the case of walking vehicles). It has been shown* that the pseudo inverse solution for the force system belongs to the equilibrating force field. Further, the interaction force field was shown to be the set of forces belonging to the null space. This result is presented here in the form of a theorem. The relationship between the generalized inverse solution and the decomposition of the force field is where (3, yi, zi) are the coordinates of the ith point of contact.
In general, the Moore-Penrose Generalized Inverse or the pseudo inverse of G, G+, seeks to find the minimum norm, least squares solution12 for the force vector g. In this problem, if the screw system defined by the 3n zero pitch wrenches is a sixth order screw system or a six-system, always belongs to the column space of 8. It is assumed that this is the case here.
The pseudo inverse, then, is a left inverse which yields a minimum norm solution which must belong to the row space of G:
Therefore, as the solution vector must belong to the row space of G:
where G is a 6 by 1 constant vector. If Ei is the force at the ith contact point and 3 and c1 are two 3 by 1 vectors, such that E = { Q, E1 lT, then: analyzed in greater detail, and the nature of the two force fields is explored. In particular, it is shown that the equilibrating force field is mathematically isomorphic to the velocity field in a rigid body. A computationally efficient, analytical method to obtain this solution is also presented.
THE PSEUDO INVERSE SOLUTION
It has been assumed here that the contact interaction is such that moments cannot be transmitted, which means that there is a total of three force components at each contact. The equilibrium equations for the grasped object, or for the walking vehicle may be written in the form:
where is the 6 by 1 external load vector consisting of the inertial forces and torques, and the weight of the object (vehicle body), q is the unknown 3n by 1 force vector and n is the number of contact interactions. G is the 3n by 6 coefficient manix which is analogous to the Jacobian matrix encountered in the kinematics of serial chain manipulators. Each 6 by 1 column vector is a zero pitch screw through a point of contact in screw (in this case, line) coordinates (see [Hunt 197814 for a definition of screw coordinates). If Six, Siy, and Siz are the zero pitch screw axes parallel to the x, y and z axes passing through the ith contact point:
Alternatively, the same expression may be written as:
where L3 is the 3 by 3 identity matrix and R i is a skew symmetric 3 by 3 matrix:
It can be easily shown that this force system has no interaction forces?
Thus, the minimum norm condition implies that the solution vector must belong to the row space of G and hence to the equilibrating force field. As a corollary, all force vectors in the interaction force field must be represented in the null space. The following statement can now be made:
If a body is subjected to multiple frictional contacts modeled by point contact, and if the system of zero pitch contact wrenches span a six-dimensional space, the MoorePenrose generalized inverse ( or the pseudo inverse) solution to the equilibrium equations yields a solution vector which lies in the equilibrating force field and has no interaction force components.
THE HELICOIDAL VECTOR FIELD
Consider a system of 0 0 ' coaxial helices, each of a constant pitch, h. For an infinitesimal twist of a rigid body about the common axis of the helices, the velocity of any point on the body is tangential to that helix, which passes through the point, at that point. Such a system of m 3 tangents has been called a helicoidal velocity field by Hunt4 and the common axis is the instantaneous screw axis.
A helicoidal vector field or an axial field, ! P , is defined to be a system of vectors associated with an instantaneous screw axis, S. In Figure 3 , the vector at any point, i, is given
It can be easily seen that if the force field is a helicoidal vector field, then and Hence, an important conclusion can be reached: Theorem 2 The force field given by a helicoidal vector field has no interaction force components and hence belongs to the equilibrating force field.
In fact, this could have been deduced by reducing Equation (6) to the form in Equation (7). This can be done because, it is always possible to find L, U, e, and h such that Ei can be described by Equation (7).
It is more difficult to prove the converse of this theorem. One way of doing this is by writing the zero interaction force condition (Equation (1)) for a hypothetical continuum (with contact points distributed continuously in three dimensional space) in differential form:
where is an unit vector representing a given direction and Fn is the component of force at any point along D. In other words, the force component in a general direction (given by does not vary along that direction. In vector notation, the following expression describes the same zero interaction force condition:
In particular, the following relationships may be inferred from Equation (9):
It may be shown from these equations that the only admissible form of the vector field, E, is E=Q+RG1 (11) where is the skew symmetric three dimensional second order tensor, which was defined earlier, and Q -J and ~1 are constant 3 by 1 vectors. The equivalence between Equations (7) and (1 1) is evident. The zero interaction force condition 3 thus requires that the forces belong to the system oftangents in a helicoidal vector field. The assumption about the continuum ignores a number of singular cases which occur with a finite number of contact points. To prove that the zero interaction force condition implies a helicoidal vector field for a finite number of contact points, is analogous to proving that the rigidity condition for points on the rigid body implies that the displacement of the points caused by an infinitesimal displacement of the body can be only described by a helicoidal vector field. A proof for this theorem has been omitted here due to the page limit, but is included in a forthcoming publication9.
It this theorem is accepted, then the following statement can be made:
Theorem3
The equilibrating force field is a helicoidal vectorjield.
Now it may be concluded that a system of forces arising through multiple frictional contacts such that it spans the sixdimensional space, which satisfies the equilibrium equations, belongs to the equilibrating force field, if and only if it belongs to a helicoidal vector field, and if and only if it is the minimum norm solution.
The reader familiar with kinematics will immediately recognize the analogy between the helicoidal system of forces and the velocity field for a rigid body. The zero interaction force condition is analogous to the rigidity condition, which requires the difference in velocities between any two points to have no components along the line joining the two points. This rigidity condition, may be used to prove, in turn, a well known result along the same lines, that the most general form of displacement of a rigid body can be instantaneously represented by a twist about a screw axis.
EOUILIBRATING FORCES
The best approach to finding the equilibrating force field or the minimum norm solution, is to find the axis, which is central to the helicoidal force field. Let Ei be given by Equation (7). The equations of equilibrium (Equation (2)) can be written in the form: CE, = a I16 and C(Ei x Fi) = T (13) where Q and I: are the net external force and moment components of the load vector, y. Substituting the expression in Equation (7) in Equations (12) and (13): (14) and -+ i ( E i X (U x E,)) = ;T (15) where centroidal moment of inertia tensor, given by: then Equation (15) can be rewritten:
Substituting from Equation (14) in this expression: y x $ Q + L I n = ! T (16) Now, expressions for the parameters describing the field axis may be computed: In a centroidal refcrence frame, Equations (16)-(19) may be written more compactly:
Now the force field can be obtained from Equation (7). From the point of view of programming, computing the force distribution involves a total of 12n+87 multiplications and 16n+43 additions. In addition, it is easy to program as singularities in the algorithm can be easily detected and alternative steps can be followed for such special cases.
INTERACTION FORCES
The expressions for equilibrating forces were derived in the previous section. The interaction forces pose problems which are less tractable. The following discussion describes the nature of the interaction force field.
The interaction force field may be characterized using screw system theory4. If the interaction force field consists of n wrenches (which must have a zero resultant), the screws corresponding to the n wrenches must, in general, belong to a screw system of order n-1 16. In special cases, they belong to a screw system of order less than n-1. Further, since the contact wrenches are pure forces, the screw system must allow zero pitch wrenches.
The interaction force field does not exist for the mvial case of a single contact. If the number of contact points is equal to 2, the interaction force field is represented by a first order screw system. Further, the defining screw must be of zero pitch. Thus, the interaction forces must lie along the line joining the two contact points and be equal and opposite. If the number of contacts is equal to 3, the interaction force field corresponds to a special two-system4, which consists of coplanar zero pitch screws whose axes are either parallel or concurrent. Such a system of coplanar, zero pitch wrenches has been used for three-fingered grasps7. Clearly, there are choices for the point of concurrence, and another degree of freedom corresponding to the intensity of the field.
The problem of determining interaction forces becomes more intractable when the number of contacts exceeds three. If the number of contacts is equal to four, the zero pitch screws must belong to a third order screw system. The axes of the zero pitch wrenches lie, in general, along the generators of a hyperboloid of revolution. In a special case, they may all be concurrent'; the wrenches constitute the special three-system which consists of the bundle of lines through the contact point. With five contact points, the zero pitch wrenches are, in general, members of a fourth order screw system. The wrench axes belong to a linear congruence and, in general, two lines (which may be imaginary) intersect all the axes. If the number of contact points equals six, the axes are members of a linear complex and have one reciprocal screw whose axis coincides with the axis of the complex. Finally, if the number of contact points is greater than six, in general, the interaction force field spans the six space, and there is no restriction on the axes of the zero pitch wrenches.
A more productive characterization for the cases of four, five or six contact points is probably the use of pairs of equal and opposite forces acting along the lines joining the contact points. In general, the number of degrees of freedom of the interaction force field is 3n-6. Thus, 3n-6 equal and opposite force pairs are needed to specify the field. Since there exist nCz such pairs and 3n-6 5 "C2 for n > 3, there are always sufficient lines joining contact points to do this.
While the equilibrating force solution minimizes the norm of the force vector, the interaction forces may be used to satisfy constraints or to suitably optimize the solution. For example, in a real world situation, it must be ensured that the friction angle at each of the contact points is within an acceptable limit. In addition, in multilimbed systems, the interaction forces must often be minimized as they increase the isometric work which arises as a consequence of the active coordination.
CONCLUSIONS
The force distribution between multiple frictional contacts between an actively coordinated structure and a body is analyzed. The force allocation can be decomposed into an equilibrating force field, or a particular solution, and an interaction force field or a homogeneous solution. When the set of available contact wrenches span the six dimensional space, the equilibrating force solution, is shown to be identical to the solution derived from the Moore-Penrose generalized inverse or the pseudo inverse. This solution corresponds to a helicoidal vector field which is similar to the velocity field of a rigid body. The zero interaction force condition, which is imposed on the force system to obtain the equilibrating forces, is analogous to the rigidity condition in kinematics. An elegant and computationally efficient solution for the equilibrating force field is derived. A physical interpretation of the interaction force field in terms of screw system theory is also presented.
While this decomposition leads to an efficient computation of the equilibrating force field, optimization of the contact conditions will, in most cases, require manipulation of the homogeneous solution. Two approaches to the characterization of the interaction force field have been presented here. Techniques for utilizing them to optimize contact conditions are a subject for future research.
